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Abstract 
Nonlinear absorption in four and five energy level systems have been studied with the aid of steady-state rate 
equation approach. We report on the tunability of saturable and reverse saturable absorption as a function of 
spectroscopic parameters (lifetimes and absorption cross-sections). Detailed information is given on the estimation 
of spectroscopic parameters in the nonlinear absorption spectroscopy. The exhaustive graphical analysis of this 
article can provide the brief idea about transmittance curves of the nonlinear absorption to the experimentalists. In 
four and five level cascade models, simultaneously saturable and reverse saturable absorption can be generated. 
Key Words: Rate equations, Nonlinear absorption, Reverse saturable absorption, Saturable absorption, Lifetime, 
Absorption cross-sections 
1 Introduction 
In past two decades, nonlinear absorption attached a 
great interest in the optical field due to its wide range 
of applications in the spectroscopic study. Rate 
equation technique is an accomplished method in the 
nonlinear absorption spectroscopy. The spectroscopic 
parameters (lifetimes and absorption cross-sections) 
can be measured through pump-probe absorption 
spectroscopy [1, 2], single beam transmittance (SBT) 
[3-5] and z-scan [6-8]. while, pump-probe deals with 
non-degenerate nonlinear absorption spectroscopy,  
z-scan and SBT are used in degenerate nonlinear 
absorption spectroscopy. Among these techniques, z-
scan is a very simplest one in the spectroscopic study. 
However, it is insufficient, when it comes to the more 
than three energy levels contributed in the absorption 
process due to its finite longitudinal intensity profile 
restricted by focusing lens. Moreover in the z-scan, 
the sample has to cross the focal plane in the 
absorption study and to avoid the sample damage, 
while it is crossing the focus, we have to focus very 
low power and which is insufficient to the higher 
excited state study.  But through SBT one can 
overcome this flaw by its extended tunable range 
which is determined by laser power. In SBT, the 
available high power lasers fulfills this criterion in 
the absence focused laser beam. 
Experimentally researchers have seen the four and 
five energy levels participation in the degenerate 
absorption process [9-20]. But still, no article has 
discussed absorption cross-sections and lifetimes 
effect in the nonlinear absorption process. In this 
article we have shown, how one can see the single 
saturable absorption (SSA) [21], double saturable 
absorption (DSA) [21] and saturable with reverse 
saturable absorption (SRSA). In addition to this, we 
systematically study the influence of spectroscopic 
parameters in the transmittance curve through SBT. 
Following parameters are considered for simulations 
in the throughout the paper: excitation wavelength (λ) 
is 532 nm, interacting length of the material with the 
laser beam (L) is 0.1mm and number density of 
absorption species (N) is 1019 absorption species/cm3. 
The number density of molecules in each state i  is 
taken to be Ni with satisfying the condition N=ΣNi 
and the fractional number density in each state is 
ni=Ni/N and Σni=1. The pumping rate from i  to 
j  level is Wij=(I/hν)σij, where σij is the absorption 
cross-section from i  to j  level. The decay time 
from j  to i  level is τji. In all the models, the rate 
equations has been solved by considering steady state 
population i.e., dni/dt=0. The transmittance of the 
interacting material is given by T=exp(-αeffL), where 
αeff is effective absorption coefficient, which is 
differer for each energy model. 
2 Four level cascade system 
In four level cascade systems, subsequent energy 
levels are separated by equal energies (Ej-Ei=photon 
energy,  j=i+1 ) as depicted in figure 1.  
 
Figure 1. Four level cascade system 
Absorption takes place through three stimulated 
absorption cross-sections (σij, j=i+1) in the cascade 
way and the downward transitions carried through 
stimulated emission cross-sections (σji, j=i+1) and 
decay time of energy levels (τ ji, j=i+1). According to 
Einstein stimulated excitation theory, stimulated 
absorption cross-section is equal to the stimulated 
emission cross-section i.e., Wij=Wji [22]. Thus the rate 
equations have the form as 
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The rate equations 1(a)-1(e) are numerically solved 
and obtained the population in each energy level [21]. 
The absorption coefficient is αeff=α0(n0-n1)+α1(n1-
n2)+α2(n2-n3). Here, α0=Nσ01, α1=Nσ12, and α2=Nσ23 
are respective linear absorption coefficients from 0
, 1 , and 2  energy levels to their next higher 
energy levels.  
The lifetime's effect on the transmittance curve is 
shown in figure 2. In four level absorption process, 
the transmittance get saturates two times in the entire 
transmittance profile and the transmittance have the 
steps in the absorption processes as: linear 
absorption/transmittance followed by first saturation 
in the absorption/transmittance followed by second 
saturation in the absorption/transmittance [21]. As 
depicted in figure 2(a), first saturation takes place in 
the 1  level and the saturation point determined by 
the decay time τ10. The saturation intensity of the 1  
state is given by IS01=hv/τ10σ01 W/cm2 [4]. The onset 
of saturation can be tuned by τ10. The second 
saturation in the transmittance curve is controlled by 
IS23=hv/τ32σ23 W/cm2 as illustrated in figure 2(c). The 
onset of the second saturation can be increased by 
decreasing the lifetime τ32. The decrease in the 
lifetime τ32 delays the saturation in the state 3  due 
to fast transitions from state 3  to the state 2 . The 
saturation intensity of the second state IS12=hv/τ21σ12 
couples the two saturation intensities IS01 and IS23. 
Clearly, we can see the following three process in 
figure 2(b). when τ21=10-8 s, the second saturation 
intensity IS12 (2hv ×1025 W/cm2) is close to the first 
saturation intensity IS01 (hv ×1025 W/cm2) and the two 
states acquire the saturation almost at the same 
intensity. At τ21=10-9 s, the second saturation 
intensity IS12 (2hv ×1026 W/cm2) is larger than the IS01 
(hv ×1025 W/cm2) and the transmittance curve have 
two saturation intensities slightly at two different 
positions. As a result, we can see that the two 
saturation intensities IS01 and IS23 are smoothly 
connected by IS12. τ21=10-10 s shows clear double 
saturable absorption (DSA) and corresponding 
saturation intensity IS12 =2hv ×1027 W/cm2. The 
transmittance curve is more sensitive to the lower 
energy levels lifetime as compared with the higher 
energy levels because the population in the higher 
energy levels always less than the lower energy 
levels even we excite with ultra-short pulses. This 
behavior can be seen in figure 2. Each of three 
lifetimes controlling the transmittance at different 
parts of the transmittance curve,  so experimentally 
one can obtain the three lifetimes in the SBT. As 
explained about the sensitivity of lifetimes in the 
transmittance curve,  the accuracy of the estimation 
of lifetimes from transmittance curve follows 
accuracy as accuracy (τ10)> accuracy (τ21)> accuracy 
(τ32). 
 
Figure 2. Transmittance curves as a function of lifetimes: τ10=10-8 s (variable only in figure a), τ21=10-9 s (variable 
only in figure b), τ32=10-10 s (variable in only figure c), σ01=10-17 cm2, σ12=5×10-18 cm2, and σ23=10-18 cm2. 
The transmittance curve as a function of absorption 
cross-sections illustrated in figure 3. While the onset 
of saturation depends on the lifetimes (figure 2), the 
nature of the absorption depends on the absorption 
cross-sections (figure 3). We can see in figure 3(a), 
the transmittance of the linear absorption can be 
tuned by ground state absorption cross-section (σ01). 
Four level system at first saturation have the SA 
nature, if  σ01 (x×10-18 cm2, x>5) > σ12 (5×10-18 cm2) 
and have the RSA character when σ01 (1×10-18 cm2) < 
σ12 (5×10-18 cm2). Figure 3(b) shows how the σ12 
cross-section modulates the first saturation in the 
transmittance curve. By tuning σ12, one can regulate 
the transmittance curve between SA and RSA with 
satisfying above discussed conditions. As depicted in 
figure 3(c), the second saturation of the transmittance 
curve can be regulated by varying the absorption 
cross-section σ23. SSA, DSA, and SRSA can be seen 
at respective  σ23 = 5×10-17 cm2, σ23 = 5×10-18 cm2, 
and σ23 = 10-18 cm2. In the figure 3(c), σ23=5×10-17 
cm2 cross-section transmittance curve  have the 
condition σ01 (10-17 cm2) > σ12 (5×10-18 cm2) < σ23 
(5×10-17 cm2). As a consequence, the transmittance 
curve first saturates and then reverse saturates. While 
increasing the σ23 value from 5×10-17 cm2 to 1×10-18 
cm2, we can see that the transmittance curve 
changing SRSA to DSA and DSA to SSA due to the 
decrease in the absorption cross-section σ23. As like 
lifetimes, the three absorption cross-sections 
modulates the transmittance curve at different 
positions. Thus, experimentally we can obtain the 
cross-sections from the transmittance curve. 
 
Figure 3. Transmittance curves as a function of absorption cross-sections: τ10=10-8 s, τ21=10-9 s, τ32=10-10 s, σ01=10-17 
cm2 (variable only in figure a), σ12=5×10-18 cm2 (variable only in figure b), and σ23=10-18 cm2 (variable only in figure 
c). 
3 Five level cascade system 
As like in the four level cascade system, in the five 
level cascade system, five subsequent energy levels 
separated by equal energies as shown in figure 4. 
 
Figure 4. Five level cascade system 
The population dynamics among the five energy 
levels can be understand through rate equations as 
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The numerical solutions of the rate equations 2(a)-
2(f) are used to obtain the absorption coefficient 
αeff=α0(n0-n1)+α1(n1-n2)+α2(n2-n3) )+α3(n3-n4). Here, 
α0=Nσ01, α1=Nσ12, α2=Nσ23, and α3=Nσ34 are 
respective linear absorption coefficients from 0 , 
1 , 2 , and 3  energy levels to their next higher 
energy level. 
Even though four and five level cascade systems 
looks like similar in the absorption process but the 
transmittance curves of two models are different in 
their behavior at high intensity, where fifth energy 
level contributes. In five level cascade systems, the 
fifth level generates one more RSA/SA to the 
transmittance curve discussed in section 2. The 
graphical study of the transmittance curve as a 
function of lifetimes is presented in figure 5. We can 
conclude from figure 5 (a-c) and figure 2(a-c), the 
effect of τ10, τ21, and τ32 on the transmittance curve in 
the four and five level models are same. Not only to 
tune the onset of saturation process by lifetimes but 
also we can modulate the absorption process as a 
function of lifetimes. Higher excited states 
stimulation absorption process determined by the 
corresponding lifetime of the excited states because 
the population required for stimulated absorption 
process in the excited states depends on the lifetime 
of the corresponding states. We can see following 
different saturation processes in single transmittance 
curve: DSA with RSA can be observed at τ10=10-7 s 
(figure 5(a)). First DSA generated between 0 , 1 , 
and 2  states because first saturation (IS01) moved 
towards linear region and away from second 
saturation (IS12)  at τ10=10-7 s i.e., IS01 =hv ×1024 
W/cm2 < IS12 =2hv ×1026 W/cm2 and with satisfying 
the condition  σ01=10-17 cm2 > σ12=5×10-18 cm2 > 
σ23=10-18 cm2 and then RSA generated between 3 , 
and 4   states due to σ23=10-18 cm2 < σ43=10-17 cm2. 
SSA with RSA created in the transmittance curve for 
τ10=10-9 s & 10-8 s (figure 5(a)), τ21=10-8 s & τ21=10-9 
s (figure 5(b)), τ32=10-9 s & 10-10 s (figure 5(c)), and 
τ43=10-11 s & 10-12 s (figure 5(d)). In this case, IS01 
and IS12 are close to each other and there will not be 
any population accumulation in the 1  state as a 
result single saturation generated in the 1 , and 2  
states. Next RSA generated because of  σ23=10-18 cm2 
< σ43=10-17 cm2.  DSA at τ21=10-10 s (figure 5(b)) is 
observed due to smaller second excited state lifetime 
(τ21) even though σ23=10-18 cm2 < σ43=10-17 cm2 
because of less population transfer to the higher 
excited states ( 3 , and 4   states). SSA at τ32=10-11 
(figure 5(c)) and τ43=10-10 s  (figure 5(d)) observed 
because due to the very short lifetime of the upper 
excited states. As shown in figure 5(d), One can 
control the end reverse saturation point of 
transmittance curve by tuning the lifetime τ43. The 
four lifetimes action on the transmittance curve does 
not concur so with the transmittance curve we can 
measure all the four lifetimes. 
As presented in figure 6, the effect of the first three 
absorption cross-sections σ01, σ12, and σ23 on the 
transmittance curve are same as like four level 
cascade systems. These three parameters effect on 
transmittance curve can be seen in figure 5(a-c). In 
figure 5(b), at σ12=5×10-17 cm2 clearly we can see two 
RSAs with separated by SA due to large absorption 
cross-sections of first and third excited states as 
compared with respective ground and second excited 
states. Using four absorption cross-sections we can 
modulate transmittance curve as different 
combination of SSA, DSA, and RSA. The absorption 
cross-sections and lifetimes are can be measured 
independently through SBT process. 
 Figure 5. Transmittance curves as a function of lifetimes: τ10=10-8 s (variable only in figure a), τ21=10-9 s (variable 
only in figure b), τ32=10-10 s (variable only in figure c), τ43=10-11 s (variable only in figure d), σ01=10-17 cm2, 
σ12=5×10-18 cm2, σ23=10-18 cm2 and σ34=10-17 cm2. 
 
Figure 6. Transmittance curves as a function of absorption cross-sections: τ10=10-8 s, τ21=10-9 s, τ32=10-10 s, τ43=10-11 
s, σ01=10-17 cm2 (variable only in figure a), σ12=5×10-18 cm2 (variable only in figure b), σ23=10-18 cm2 (variable only 
in figure c) and σ34=10-17 cm2. (variable only in figure d). 
4 Five level non-cascade system 
Four level non-cascade system is discussed in the 
Ref. [21]. In this section, we will discuss five level 
non-cascade system. As depicted in figure 7, in five 
level non cascade systems three singlet states ( 0 ,
2 , and 4 )  and two triplet states ( 1  and 3 ) 
participates in the absorption process. singlet and 
triplet states are spin coupled and the transitions from 
singlet to triplet states take place through non-
radiative decay. The best example of singlet-triplet 
state molecules are organic and metal−organic 
materials are of interest for many applications 
including optical 
limiting [23-25]. 
 
Figure 7. Five level non-cascade system 
The population dynamics among the five levels in the 
differential equations form as given in equation 3. 
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The obtained populations in the energy levels from 
the numerical simulations of rate equations 3(a)-3(f) 
are used to obtain the absorption coefficient 
αeff=α0(n0-n2)+α1(n1-n3)+α2(n2-n4). Here, α0=Nσ02, 
α1=Nσ13, and α2=Nσ24 are respective linear absorption 
coefficients from 0 , 1 , and 2  energy levels to  
2 , 3 , and 4  energy levels.  
In non-cascade systems, due to metastable nature of 
triplet states ( 1  and 3 ), maximum population 
distributes in the ground and triplet states. Therefore, 
the major contribution in the absorption process takes 
place by triplet lifetimes τ10 and τ31 (figure 8(a) and 
8(d)). The contribution from the singlet states not so 
great due to less population in the 2  state. Here, τ42 
and τ43 are not discussed because there is no effect 
from them on the transmittance curve. Due to 
trapping of atoms/molecules in the triplet states, there 
will not be sufficient atoms/molecules present in the 
2  state to pump the atoms to 4  state. Thus there 
is no contribution of 4  state on the transmittance 
curve. From this, we can infer that using CW and 
nano-second lasers it is possible to measure the triplet 
states and first excited singlet state lifetimes. Low 
reputation rate (~1 kHz) ultra-fast laser pulses can be 
used to study the all the singlet states lifetime. 
Because of low repetition rate and short pulse nature, 
the contribution of triplet states on the ultra short-
pulses can be successfully neglected [22]. Under low 
repetition rate ultra short-laser excitation, non-
cascade system transforms to cascade system and the 
transmittance profile becomes as like we discussed in 
the sections three and four.  To complete the 
spectroscopic study of non cascade system, it is 
necessary to use either CW or nano-second laser with low repetition rate ultra-short laser pulses. 
 
Figure 8. Transmittance curves as a function of lifetimes: τ10=10-6 s (variable only in figure a), τ20=10-9 s (variable 
only in figure b), τ21=10-11 s (variable only in figure c), τ31=10-10 s (variable only in figure d), τ42=10-10 s,  τ43=10-11 s, 
σ02=10-17 cm2, σ13=10-18 cm2, and σ24=10-18 cm2. 
The absorption cross-sections effect on the 
transmittance curve presented in figure 9. In five 
level cascade system, two absorption cross sections 
present and for this reason only SSA and RSA are 
can be generated in the nonlinear absorption process.  
Linear transmittance value can be tuned with σ02 and 
saturation nature can be tuned with σ13. As explained 
in the before, due to the minute population in the 2  
state, the effect of σ24 on the transmittance curve 
negligible and it can be measured by only in the 
presence of ultra-short laser excitation. 
 
Figure 9. Transmittance curves as a function of absorption cross-sections: τ10=10-6 s, τ20=10-9 s, τ21=10-11 s, τ31=10-10 
s, τ42=10-10 s,  τ43=10-11 s, σ02=10-17 cm2, σ13=10-18 cm2 (variable only in figure a), and σ24=10-18 cm2 (variable only in 
figure b). 
5 Conclusion 
Simultaneously saturable and reverse saturable 
absorption can be generated in the materials those act 
as four and five level cascade systems.  If we use four 
and five level cascade systems as saturable absorbers 
for applications then the damage of optical 
components from the sudden laser fluctuations can be 
controlled.  Because at ambient laser intensity, these 
systems act as saturable absorbers and in case of any 
drastic increase in the laser intensity, these systems 
become reverse saturable absorbers and protect the 
devices from laser damage by absorbing the 
unwanted laser intensity. In five level cascade 
system, we can generate two RSA separated by SA in 
the transmittance profile.  We have shown how to 
measure the spectroscopic properties of four and five 
level cascade systems in the SBT. The spectroscopic 
properties of five level non-cascade systems can be 
measured by independently exciting the material with 
CW or nano-second laser and low repetition rate 
ultra-short laser pulses in the SBT. As explained 
theoretically in this paper, experimentally one can 
modulate the transmittance curve by using optical 
materials in the presence of different dopants, hosts 
and in different states [23-26]. 
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